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The leaching of a mineral from the ground is considered using injection and recovery holes drilled into the 
rock. In this simplified analysis, the holes are arranged vertically, and an appropriate caustic leaching fluid is 
introduced into the uppermost hole. The leaching liquor percolates down through the rock, dissolving the 
mineral of interest, and is pumped out when it arrices at the second hole. Water is introduced at the bottom 
hole in an attempt to increase the feasible recovery fraction of mineral-bearing liquor. The model problem is 
solced numerically using a boundary-integral formulation. Maximum feasible recovery fractions for the 
leaching fluid are obtained and their dependence upon the separation distance between the injection and 
recovery points and upon the pumping rate for water at the bottom hole are studied. The volume of rock 
inundated by the leaching liquor is assessed, and a possible practical strategy for in situ leaching of low-grade 
ores is proposed. 
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1. Introduction 
This paper continues a pilot study of the computation of 
the flow fields associated with the process of mineral 
leaching, undertaken by Forbes et al.’ Portions of the 
material were presented at the Computational Mathemati- 
cal Modelling for Industry Workshop held at the Queens- 
land University of Technology in Brisbane in November 
1992. 
Mineral leaching is a technique of removing a desired 
metal from a rock without excavation. It would not nor- 
mally be used in regions of high mineral density, since 
existing mining techniques which involve excavation are 
already sufficiently cost effective for high-grade ores, but 
it might represent an appropriate technology for use in the 
rock surrounding the high-grade deposit, where there may 
be a very large volume of mineral in such poor-grade 
deposits that it is inaccessible to current mining tech- 
niques. 
An appropriate leaching fluid, such as acid, ferric chlo- 
ride, or even certain biological agents, is pumped into a 
section of rock through drill holes and allowed to infuse 
the portion containing the mineral of interest. This mineral 
is dissolved by the leaching liquor, which is then pumped 
out of the rock through another set of drill holes, and the 
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mineral is thus obtained in solution. Further details of this 
technique are given by FriedeL2 The primary aim of the 
present paper is to study the possible enhancement of this 
process using a type of secondary recovery strategy in 
which a water balloon is also injected beneath the plume 
of leaching fluid. 
Following Forbes et al.’ and Lucas et a1.,3 we made use 
of the simplest model of groundwater flow, in which 
variations in porosity are ignored, and the substrate is 
assumed to be either totally dry or else completely satu- 
rated so that boundary-layer regions containing partially 
saturated material are overlooked. This clearly represents a 
major simplification of the conditions that would actually 
be encountered in the field, since an actual leaching site 
might contain strata in the rock and possibly even cracks 
through which the leaching liquor would pass quickly 
without dissolving much mineral. As will be seen later, 
partial saturation might be important when the withdrawal 
rate of leaching fluid is near to its feasible maximum, and 
it could also play a significant role when the chemical 
reactions involved in the leaching process are strongly 
exothermic. 
The injection and recovery holes for the leaching fluid 
will be modelled as mathematical point sources and sinks 
at which a certain volume of fluid is created or destroyed. 
This is again a modelling simplification which is justified 
on the grounds that the actual drill holes are of small 
diameter relative to the spacing between them and that the 
flow several pipe radii away would therefore appear as if it 
had in fact been produced by a mathematical point singu- 
larity. 
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It will be assumed that the flow field is steady, which is 
the situation of most relevance to the slow seepage rates of 
the leaching fluid in dense rock and the slow progress of 
the leaching reaction. The fluid velocity is related to the 
gradient of a total pressure by Darcy’s law, and under the 
additional assumption that the fluid is incompressible, it 
follows that Laplace’s equation is to be solved within the 
fluid region. Although this is a linear partial differential 
equation, the overall problem is nevertheless highly non- 
linear since the location of the boundary between the wet 
and dry regions of the rock is unknown in advance and is 
therefore to be determined. The wetted portion thus forms 
a vertical plume in the rock, since it is influenced by 
gravity, and resembles the bubble of infinite length rising 
in a tube, studied by Levine and Yang.4 
Free-surface flow caused by the presence of singulari- 
ties has received much attention in recent years and is of 
relevance to the modelling of reservoirs. Tuck and Van- 
den-Broeck5 were the first authors to present a fully 
nonlinear (numerical) solution to the problem of with- 
drawal from a stagnant reservoir into a line sink. They 
found a solution at a unique Froude number (which is the 
strength of the line sink made dimensionless with respect 
to its submergence depth beneath the undisturbed surface 
level), and showed that the otherwise flat surface of the 
reservoir was drawn down into a vertical cusp immediately 
above the disturbance. Their work has generated much 
recent interest in this area and has been extended by 
Hocking,’ Vanden-Broeck and Keller,’ Mekias and Van- 
den-Broeck,’ and Forbes and Hocking,’ for example. 
All of this reservoir modelling work assumes that the 
flow is two-dimensional so that the powerful methods of 
complex variable theory may be brought to bear. In addi- 
tion, the geometry is fundamentally different from that 
required for the leaching problem, since the reservoir is 
assumed to be infinite in width with stagnant fluid at 
infinity, whereas in situ leaching involves a vertical plume 
of wetted rock, with a finite outflow speed at an infinite 
depth. Nevertheless, in a two-dimensional flow produced 
by line sources and sinks, these complex variable tech- 
niques are also applicable to the study of mineral leaching 
and have been used by Schmidt et a1.n’ and Strack.” 
In this paper we are concerned with leaching caused by 
liquor injected and extracted through narrow pipes, for 
which two-dimensional analyses are not appropriate. Such 
a flow requires a three-dimensional description of the 
wetted region of rock, and the injection regions are there- 
fore modelled as point singularities. Radially symmetric 
withdrawal from a reservoir into a point sink has been 
studied by Forbes and Hocking12 using methods related to 
the investigation of a rising bubble undertaken by Miksis 
et al.r3 This approach has been extended by Forbes et al.’ 
to study mineral leaching involving a single injection and a 
single extraction point, and the dependence of the maxi- 
mum recovery rate of the liquor upon the separation 
distance between the two points was determined numeri- 
cally. As expected, the maximum withdrawal rate of the 
leaching liquid decreased as the separation distance was 
increased, so that a trade-off exists between the volume of 
rock that is accessible to the leaching fluid and the amount 
that can actually be recovered. However, for realistic 
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Figure 1. Sketch of the leaching flow field, showing the injec- 
tion points for leaching liquor (“acid”) and the water balloon, 
and the extraction point (“SINK”). The interface between the 
wet and dry portions of the rock is also shown. 
separation distances between the injection and extraction 
points, it was found that the maximum volume fraction of 
the injected fluid that could be removed at the extraction 
point was rather low, which might cast doubts on the 
economic and environmental feasibility of the process. The 
aim of the present investigation, therefore, is to determine 
if the recovery rate of the leaching fluid can be enhanced 
by injecting a water balloon beneath the plume of caustic 
liquor. 
2. Mathematical formulation 
Consider a Cartesian coordinate system with the z-axis 
pointing vertically and the X- and y-axes lying along the 
surface of an infinitely deep region of isotropic permeable 
rock. The ground level is thus located on the plane z = 0, 
as in Figure I, with the rock occupying the entire lower 
half space z < 0. Leaching fluid is injected at a depth H 
below the ground, with volume flow rate Q, and is 
extracted at some different rate Q2 at the greater depth 
H + L. In addition, water is injected at the even greater 
depth H + L + D, below the injection and recovery points 
for leaching liquor, with a volume flow rate of Q3. For 
simplicity we will refer to the leaching liquor in the 
following discussion simply as “acid,” although it may be 
the case that some other substance might be used in an 
actual application. The downward acceleration of gravity is 
g, and it will be assumed from the outset that the leaching 
liquor and the water have the same density p and diffusiv- 
ity coefficient C through the rock. This permits a very 
significant simplification of the governing equations and 
greatly reduces the computer run time required to generate 
solutions. 
As in the paper by Forbes et al.’ nondimensional vari- 
ables are defined such that the reference length is taken to 
be H, the distance of the injection point for acid below 
ground level, and the unit of pressure is Q1/(CH). It then 
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follows that solutions are dependent on the five dimension- 
less parameters 
F = Q,/( /df*C) 
A=L/H 
s=D/H 
Y = Q/Q, 
a = QJQl 
The first of these nondimensional quantities, F, is similar 
to the constant defined by Lucas et a1.3 and represents a 
scaled volume flow rate for injected acid. The next two 
parameters, h and S, are dimensionless additional depths 
at which the acid is withdrawn and the water injected, as 
shown in Figure 1, and the final two constants represent 
the nondimensionalized withdrawal rate for acid and the 
injection rate for water, respectively. 
In terms of these new scaled variables, the governing 
equations for steady flow of both acid and water are the 
condition of incompressibility 
V.q=Q (I) 
and Darcy’s law 
q= -vi, (2) 
in which q is the seepage velocity vector of either fluid 
through the rock, and 
@=p+z/F (3) 
is a modified pressure, which takes account of the local 
fluid pressure p within the rock pores, in addition to the 
hydrostatic component z/F. In making use of equations 
(1) and (2), it is assumed that there is total saturation of the 
rock within the inundated regions, and it follows at once 
that @ must satisfy Laplace’s equation 
V2@=0 (4) 
in the wetted portion. 
Near the injection points for acid and water, at the 
levels z = - 1 and z = - 1 - A - 6, respectively, and the 
withdrawal point at z = - 1 - A, the velocity field g 
behaves like that due to a point source or sink of fluid 
mass. In view of the Darcy law (21, it follows that the total 
pressure @ must have the asymptotic forms 
1 
@-t 
4a[xZ+y2+(z+ 1)*]li2 
as(x,y,z)-+(O,O, -I> 
@+- 
Y 
47T[x~+y*+(z+l+~)*]1’2 (5) 
as(x, y, z)--+(O,O, -1-h) 
cx 
@-+ 
47r[xZ+y*+(Z+1+h+6)2]“2 
as (x, y, z) + (O,O, -1, -h-S) 
at the three singularities within the wetted region. 
Since all three injection and extraction points lie on the 
vertical z-axis, it is reasonable to expect that the problem 
will only involve axially symmetric geometry. Accordingly 
we introduce cylindrical polar coordinates (r, 8, z> de- 
fined in the usual way by means of the relations x = 
r cos 8 and y = r sin 0 and consider some surface r = 
l(z), which def mes the (unknown) location of the inter- 
face between the wet and dry rock. The condition that 
there be no flow normal to this surface gives rise to the 
kinematic constraint 
a@ 8@ dc 
-= 
dr 
ZZ on r= 5(z) (6) 
The dynamic condition at the free boundary is that the 
pressure p there must drop to zero so that in terms of the 
total pressure @ defined in equation (3), the requirement 
becomes 
@=z/F on r= t(z) (7) 
Far beneath the injection and extraction regions, the 
wetted portion of rock takes the shape of a vertical cylin- 
der. Its radius R, may be determined from conservation of 
mass, since the pore pressure p far from the point singular- 
ities becomes negligible. From Darcy’s law (21, it then 
follows that the fluid moves downward with constant 
speed l/F, so that the dimensionless volume per unit time 
crossing a circle of radius R, is nRi/F. This must be 
balanced against the net rate 1 - y + (Y at which fluid is 
introduced into the rock (allowing for the amount ex- 
tracted), and solving for the radius R, gives 
b(z) +RA= [F(l- y+a)/r]“* as z+ --tag 
(8) 
In view of the fact that the total pressure @ satisfies 
Laplace’s equation (4), there are substantial computational 
advantages in making use of a boundary-integral formula- 
tion of the problem. This is done by means of Green’s 
second identity 
I 
dS,=O 
(9) 
in which 8V represents the total surface to a volume V of 
the wetted rock and includes a circular disk of radius R, 
at infinite depth as well as small spherical surfaces exclud- 
ing each of the three singular points on the z-axis from the 
region. The symbol P denotes any arbitrary point on this 
overall surface dV, and the field point Q has been placed 
on the unknown interface between the wet and dry por- 
tions of the rock. A small hemispherical surface centered 
at point Q also excludes this point from the volume V, and 
the little hemisphere is likewise included in the closed 
surface dV. The function R,, appearing in the identity (9) 
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is the distance between source point P and field point Q, 
and is given by the expression 
R PQ = [( xQ -P)*+ (YQ -.h’)* + bQ -zP)2]1'z 
= rl+rj-2rQrp cos(eQ-6,) 
[ 
+ ( ZQ - zp)2] l’* (10) 
and np denotes the normal to the surface dV at point P, 
pointing out of the volume V. 
The contribution to the integral in equation (9) from 
each of the surfaces that comprise the boundary dV is now 
evaluated. The development is very similar to that given 
by Forbes et al.’ and need not be repeated here. Eventu- 
ally, a second-kind integral equation is obtained for the 
total pressure @ on the exterior surface S, of the wetted 
region of rock, and takes the form 
277@(Q) = -jlr,@(P)$( 2) “SP 
--/& 
ff + 
r;+(ZQ+1+h+q2 
(11) 
Here, the location of the field point Q in polar coordinates 
is (m, Be, zQ>, and the kernel of the integral equation 
involves the normal derivative of the source potential 
V&J,, where the distance R,, is as defined in equation 
(10). The term in equation (9) involving the normal deriva- 
tive of @ has been eliminated in equation (11) since the 
kinematic condition (6) shows that this derivative vanishes 
on the free boundary surface S,. 
It is clear that the integrand of the first term on the 
right-hand side of the integral equation (11) is singular 
when P + Q. For numerical purposes, it is desirable to 
remove this singularity, and this is now done in the manner 
first proposed by Landweber and Macagno.14 By Gauss’ 
flux theorem, we have 
which may be derived simply by integrating Laplace’s 
equation for the function l/R,, over the volume V and 
making use of the divergence theorem. As before, the 
contribution from each of the component surfaces that 
form the boundary dV is evaluated, from which it may be 
determined that 
(12) 
Now the term @(P> appearing in the integrand of equation 
(11) is replaced with [G(P) - CD(Q)] + Q(Q), and the 
extra term so introduced is evaluated exactly using result 
(12). The integral equation (11) therefore has the nonsingu- 
lar form 
O= -j~)V’) - Q(Q)]; 
+J$zy@q$q ff + 
r;+(Za+1+h+6)’ 
(13) 
To solve this problem, it is sufficient to find the loca- 
tion of the boundary of the wetted region of rock and the 
total pressure there. This is accomplished by determining 
functions J(z) and @[ l(z), z] which satisfy the integral 
equation (13) coupled with the boundary conditions (6) 
and (7) and subject to the outflow condition (8). 
It is convenient, for the numerical solution of this 
problem, to make use of the arclength formulation of 
Forbes.” The radially symmetric surface S, of the wetted 
region of rock is parametrized by means of an arclength S, 
with s = 0 corresponding to the point at the top of the 
wetted plume. Thus a point on this interface is represented 
as [r(s), z(s)], and the definition of arclength yields the 
relation 
[#(#+ [zt(S)]2=1 (14) 
At the top of the plume, we impose the conditions 
I(0) = 0 r’(O) = 1 z’(0) = 0 (15) 
although the height z(O) of this point is as yet unknown. 
Following Forbes and Hocking,” we define the function 
4(s) = WS)> z(s)] 
which is the total pressure evaluated on the unknown 
interface. The chain rule coupled with the kinematic 
boundary condition (6) then gives the components of the 
fluid velocity vector on the surface as 
In this arclength formulation, Forbes and HockingI 
have shown that the integral equation (13) may be written 
in the form 
0= -jx;[4+) -4(.+]W(A, B, C, 0) da 
0 
1 
+ 
?(S) + (z(s) + 1)’ 
Y 
T*(.s)+(Z(S)+1+h)2 
ff 
+ 
PZ(S)+(Z(S)+l+h+~)2 
(16) 
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as a consequence of the cylindrically symmetrical geome- 
try involved. Here the kernel function K is defined to be 
M(A, B, C, D) 
=r(u)/27 
A - B cos p 
0 [C-D cos p y dp 
4r(a) 
= Ddm 
(17) 
where functions K and E are complete elliptic integrals of 
the first and second kind, respectively. The four arguments 
of the kernel defined in equation (17) are 
A=r(a)z’(o) -r’(cr)[z(cr) -z(s)] 
B=r(s)z’((~) 
C=r’(cT) +r*(s) + [z(a) -z(s)]’ 
(18) 
D=2r(s)r(cr) 
A derivation of this final form (16) for the integral equa- 
tion is given by Forbes and Hocking.” In this arclength 
formulation, a solution to the problem thus consists of 
finding functions r(s), z(s), and 4(s) that satisfy the 
relation (16) in conjunction with the arclength condition 
(14), the surface condition (7), the equations (15) at the top 
of the plume, and the outflow requirement (8). 
Forbes] showed that the free boundary of the wetted 
region could never be allowed to overhang in a steady 
flow. This is a consequence of the boundary condition (7), 
which results from the fact that p = 0 on the interface. As 
a result, it would necessarily follow that the pore pressure 
p must become negative within any wetted region of rock 
that is near to an overhanging section of the free boundary. 
This is not possible so the requirement that the interface 
profile may not overturn gives rise to the feasibility condi- 
tion 
r’(s) >O (19) 
at every point on the interface. It will be seen later that our 
numerical scheme is capable of generating “solutions” 
that violate this feasibility condition (19) when the with- 
drawal rate y is made too large. It should be emphasized 
here that, in some sense, this leaching problem has been 
formulated in an inverse manner so that a withdrawal rate 
y is specified in advance and a flow-field is then sought 
under the assumption that the rock always remains fully 
saturated. In practice, as the extraction rate y is increased, 
a maximum value would be reached, at which condition 
(19) was at the verge of being violated, that is the interface 
profile would develop a vertical tangent. Any attempt to 
increase y beyond this maximum value would not be 
successful because the rock near the extraction hole would 
begin to dry out so that the assumption of full saturation 
would break down in this region. Thus, although condition 
(19) is a restriction on a numerical method, it is expected 
to correspond to an actual physical maximum for the 
extraction rate y, beyond which solutions are not feasible. 
3. The numerical solution 
This section describes the numerical method used for the 
solution of the integral equation (16) coupled with rela- 
tions (7), (8), (14), and (15). The scheme is similar to that 
developed by Forbes and Hocking12 and closely follows 
Forbes et al.’ so that only a very brief outline is required 
here. 
A numerical solution is sought in some finite interval 
0 < s < sN of the arclength along the interface at discrete 
points sj, j = 1, 2,. . . , N, with s1 = 0. The dependent 
variables are thus represented by point values ri., z,, and 
4, j= l,..., 2 ,..., N, at the numerical grid points, with 
similar discrete approximations for their derivatives. 
To begin, a guess is made for the N-vector of un- 
knowns zl, r;, r;, . . . , rk. All other quantities at the inter- 
face are now computed on the basis of this initial guess, 
using the additional information rl = 0, r; = 1, z; = 0, 
which is provided by condition (15). Thus the arclength 
condition (14) at once yields 
zI,= - l-(rj) /- j=2,3,...,N 
and the quantities rI and zj, j = 2, 3,. . . , N, are obtained 
by exact integration of a cubic spline interpolant of the 
derivatives. The boundary condition (7) immediately gives 
the total pressure at the interface, according to the formula 
$, = zj/F, j = 1, 2, 3,. . . , N. The integral equation (16) 
may now be regarded as a cost function, and Newton’s 
method is used to enforce its satisfaction at the N numeri- 
cal mesh points by iteratively adjusting the initial guess for 
the N-vector of unknowns. 
When evaluating the integral in equation (16), attention 
must be given to providing a faithful representation of the 
outflow condition (8), beyond the numerical window of 
values 0 f s < sN. Accordingly, we assume that 
r(a) =R, 
z(a) =z(.s&l) -(a-s,) 
+(a) =z(a)/F for u>s, (20) 
where R, is the asymptotic plume radius defined in 
equation (8). These approximations (20) are substituted 
into the relations (16)-(18), and after some algebra, it is 
found that the appropriate form of the integral equation for 
use in the present numerical scheme is the approximation 
0= -/“[c$(u) -+(s)]lM(A, B, C, D) da 
SI 
1 
- k(R,, V, W) + 
r*(s) + (z(s) + 1)’ 
Y - 
r2(s)+(z(s)+1+A)* 
CY 
+ 
r*(.s+(z(s)+l+h+S)’ 
(21) 
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where the correction term UR,, V, W) accounts for the 
tail of the integral in equation (16), using the approxima- 
tions (20) over the domain of integration s, < u < ~0. It is 
given by the formula 
2(2Ri - v) 
in which K and E again denote complete elliptic integrals 
of the first and second kind, and the three arguments of the 
function are the asymptotic plume radius R, and the 
functions 
V=R;+r+) + [z(sN) -z(.s)]’ 
W= 2R,r( s) 
Figure 3. Region in the h - y parameter space for which feasi- 
ble solutions could be obtained, for the case (Y = 0 (no water 
balloon), F= 0.2, A= 0.1. The feasible region is shaded. 
The integral in equation (21) is evaluated numerically 
using cubic splines. 
4. Presentation of results 
This discussion of the results of numerical computation 
will begin with a brief overview of the flow that occurs 
when there is no water balloon injected beneath the acid 
plume (that is (Y = 0). A fuller investigation of this case is 
given in Forbes et al.,’ which also includes a study of the 
effects of placing the extraction point above the injection 
point and of extracting through a ring instead of through a 
simple point. 
Figure 2 shows profiles of the axisymmetric surface of 
the wetted region of rock, without water injection (a = O), 
for the case F = 0.2 and separation distance A = 0.1 be- 
tween the injection and extraction points. Results are dis- 
played for the three different values of withdrawal rate 
y = 0, which corresponds to no acid recovery at all, y = 
0.28 and y = 0.8. The profile shown for the extraction rate 
y = 0.28 represents the point at which the feasibility condi- 
tion (19) is on the verge of failing, so that a withdrawal 
rate y = 0.28 is approximately the largest that can be 
achieved for this configuration. In practice, attempts to 
increase y beyond this value would be unsuccessful, since 
Figure 2. Three solution profiles obtained for extraction rates 
y =0 (broken line), -y=O.28 (optimum case, solid line), and 
y=O.8 (infeasible, dashed line). Here, F=O.2, h=O.l, and 
there is no water balloon, Q = 0. 
the assumption of full saturation of the rock would be 
violated and the rock would begin to dry out near the 
extraction hole. Nevertheless, Figure 2 shows that the 
numerical scheme is capable of yielding “solutions” for 
much larger values of y than the feasible maximum 
y = 0.28, and one of these is shown for the case y = 0.8. It 
is not a feasible solution since it possesses a large region 
of overhang in the profile, and thus it has been sketched 
with a dashed line. 
The maximum feasible withdrawal rate y is strongly 
dependent upon the separation distance A between the 
injection and extraction points, when no water is injected 
beneath the acid plume ((Y = 0). This is displayed in 
Figure 3, where the shaded portion of the graph represents 
the region within which numerical solutions satisfying the 
feasibility condition (19) could be obtained. Outside this 
shaded region, the numerical method of Section 3 always 
yields a profile possessing an overhang, so that solutions in 
this region are infeasible, as indicated on the diagram. 
When the injection and extraction points are very close 
together (A -+ O), it is clearly the case that almost all the 
injected leaching liquor can be recovered. However, the 
volume of rock infused with acid will be very small, so 
that the amount of mineral obtained by the leaching pro- 
cess will be very small. By contrast, a large separation 
distance A between the points of injection and extraction 
gives rise to a large volume of inundated rock, but because 
the pore pressure p drops so rapidly away from the 
injection point, only a very small fraction of the injected 
acid can be recovered. There is thus a trade-off between 
the volume of rock accessible to the acid and the relative 
amount of acid that can be extracted, although for moder- 
ate separation distances that might be of practical interest, 
the recovery fraction y appears unacceptably low. For this 
reason it is necessary to consider the possible gains in 
yield that might be possible by injecting a water balloon 
beneath the acid. 
In Figure 4, three profiles are shown for the same case 
as in Figure 2, in which F = 0.2 and the separation 
distance is A = 0.1 between the injection and recovery 
points for acid. The water is introduced at the same 
distance 6 = 0.1 beneath the extraction point. For each of 
the solutions presented in Figure 4, the profile corre- 
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sponds to the maximum feasible recovery rate, y, for the 
water injection rate cu shown. The curve sketched with a 
dashed line represents the interface obtained for y = 0.28, 
(Y = 0; in this case, there is no water injected and the 
solution is the optimal case shown in Figure 2. When the 
water injection rate is increased to cy = 0.1, it is found that 
the maximum fluid extraction rate rises to y = 0.48, and 
the solution corresponding to this case is displayed with a 
broken line. 
In this model, there is no limit to the volume rate cr of 
water that can be injected beneath the acid plume (al- 
though in practice the high pressures so generated might 
cause fissures in the rock, which might seriously degrade 
the efficiency of the leaching operation). By introducing 
water at a sufficiently high rate, (Y, it is possible to 
produce feasible solutions for which the fluid recovery rate 
equals the acid injection rate (that is, y= 11, and even 
exceeds it. Such a solution is included in Figure 4. Here 
the water and acid are injected at the same rate ((w = l), 
and the numerical method shows that fluid may be with- 
drawn at the greater rate y = 1.12. It is clear that in this 
situation the extraction point is withdrawing both acid and 
water from the rock. We consider this aspect of the 
leaching process in more detail in Section 5. Notice that 
the profile for the case y = 1.12, (Y = 1 (sketched with a 
solid line in Figure 4) has developed a sharp shoulder at a 
radius of about r = 0.17. This is, of course, a consequence 
of the fact that the acidified region is being supported by a 
larger plume of fresh water. 
The values of withdrawal rate y for which feasible 
solutions can be obtained for varying water injection rates 
(Y are shown in Figure 5 for the case F = 0.2, A = 0.1 and 
6 = 0.1. Within the shaded portion of the diagram, the 
numerical solutions all satisfy the condition (19) and so are 
expected to be of physical interest. The border of this 
region corresponds to solutions for which condition (19) is 
on the verge of failing; these solutions thus represent the 
maximum withdrawal rate y that can be achieved for a 
given water injection rate cy. When cr = 0, the maximum 
feasible value of y is therefore y = 0.28, as in Figure 2, 
but this maximum rate y rises rapidly with the increasing 
water injection rate cr, and as shown in Figure 4, the 
withdrawal rate y can actually exceed the rate at which 
acid is introduced (when cr = 1). Numerically, there ap- 
pears to be no limit to the size of (Y that could be used, 
and for sufficiently large (Y it therefore seems likely that 
0 
-I 
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-2 
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-4 
-.-.- .- y~048.“zc11 
Figure 4. Three solution profiles obtained at maximum extrac- 
tion rates, for different water injection rates. Here, F = 0.2, 
A= 0.1, and 6 = 0.1. 
I? r )i=O.l, 6=0.1 
Y 
0 x i 
Figure 5. Region in the (Y -y parameter space for which 
feasible solutions could be obtained, for the case F= 0.2, h = 
0.1, S = 0.1. The feasible region is shaded. 
the maximum fluid withdrawal rate y can be made to 
approach the total fluid injection rate 1 + (Y asymptoti- 
cally. Nevertheless, in a practical leaching application, it 
would surely be desirable to keep the amount of injected 
water as low as possible, and for this reason results are 
only presented in Figure 5 for water injection rates that 
are below or equal to the rate of injection of acid (a G 1). 
5. The volume of leached rock 
In Figures 4 and 5, it was seen that the withdrawal rate y 
could exceed the rate at which acid is introduced into the 
rock and that water is therefore necessarily recovered 
along with the acid. This section is thus concerned with the 
flow details internal to the wetted region of rock. 
Once the shape of the boundary of the wetted portion of 
rock has been computed by the numerical method of 
Section 3, all other quantities of interest within the wetted 
region can in principle be determined. If Q is now allowed 
to be an arbitrary point in the wetted rock, then the value 
of the total pressure there, Ge, is obtained from an integral 
relation corresponding to equation (16). This equation is 
ff 
+ 
r2,+(ze+1+h+6)2 
(24 
where the arguments A, B, C, and D are exactly as in 
equations (18), except that the surface point [r(s), z(s)1 is 
now replaced by the internal point (rQ, 2,). The integrand 
in (22) is not singular, and it is therefore not necessary to 
treat it using the procedure outlined in Section 2. However, 
the contribution to the integral from the infinite tail beyond 
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the numerical truncation region, sN < s < cc, must still be 
estimated by means of the approximations (20), although a 
simple form involving complete elliptic integrals is no 
longer available. Nevertheless, this correction term in- 
volves integrals with respect to angle, similar to those 
arising in the definition of the elliptic integrals, and conse- 
quently they may be evaluated to great accuracy using the 
trapezoidal rule. 
The seepage velocity q at the internal point Q is 
computed using finite differences to calculate the deriva- 
tives d@/dr and d@/az from equation (22). Within the 
wetted region of rock, there is a circular line of stagnation 
points, at some finite radius out from the z-axis, and its 
location ( rs , zs) is found by solving 
a@ aaj -=-= 0 
dr dz 
numerically using Newton’s method in two variables. 
It is also useful to compute the shape of stream surfaces 
within the wetted region. Since this is an axisymmetric 
problem, it is possible to define a Stokes stream function 4 
by means of the relation 
q= -curl 
i i 
?e 0 
r 
(23) 
in which eH is a unit vector in the direction of increasing 
angle around the z-axis. Equation (23) may be compared 
with Darcy’s law (2), from which the familiar relations 
between the velocity potential @ and Stokes’ stream func- 
tion 9 are obtained. It follows from these relations that the 
function * is constant along any axisymmetric surface 
r = r(z) for which 
a@ a@ dr 
-= -- 
ar az dz (24) 
Suppose that the streamsurface is parametrized using an 
arclength s,. Along this surface it follows that 
[dr/ds,]’ + [dz/ds,12 = 1 (25) 
exactly as with equation (14) for the free boundary. Equa- 
tions (24) and (25) are combined to give 
( a@/ai-)2 
( a@/ar)2 + (aqaz)' 
(a@/az)’ 
( a@i/ar)2+(a@/at)2 
(26) 
A stream surface is therefore found in parametric form by 
integrating equations (26) from some appropriate starting 
point. This is accomplished here using a fourth-order 
Runge-Kutta scheme. 
The internal structure of the flow for a typical leaching 
situation involving the injection of a water balloon is 
shown in Figure 6. Here, F = 0.2, the additional injection 
depths are A = 0.1 and S = 0.1, the water injection rate is 
(Y = 0.8, and the fluid extraction rate is y = 1. This solu- 
tion represents the largest feasible value of y that can be 
achieved for (Y = 0.8, and this is evident from the near 
Figure 6. The interface and internal flow characteristics for a 
solution obtained with F=O.2, A= 0.1, 6 = 0.1, LY =0.8, and 
y = 1. The stagnation point is labelled “S,” and the stream 
surfaces that meet at this point are shown. The scale is the 
same on both axes. 
vertical section that has been formed on the interface. The 
scales on both axes are the same. Since the entire flow 
geometry is axisymmetric, the portion shown in Figure 6 
thus represents a section through surfaces of revolution 
about the z-axis. 
A circular line of stagnation points is present in the 
flow at the point marked “S” on Figure 6. The location 
of this point was obtained numerically using Newton’s 
method in two variables to find where the velocity vector 
becomes zero, as explained earlier. The two axisymmetric 
stream surfaces that intersect at S were then found using 
the location of the stagnation point S as an initial condition 
for the numerical integration of the differential equations 
(26). One of these surfaces begins at the extraction point 
(0, - 1.11, passes through the stagnation point S, and then 
continues down to z + -m. The other stream surface is 
approximately spherical, with one pole at the acid injection 
point (0, - 1) and the other pole at the water injection 
point (0, - 1.2). The portion of this latter surface sketched 
with a dashed line is extremely difficult to follow (in either 
direction) by the numerical integration of equations (26) 
and is thus only known approximately. 
Figure 6 therefore shows the volume of the rock that 
can actually be etched by leaching acid that is then recov- 
ered at the extraction point. This volume is the curvilinear 
triangular region with vertices at the acid injection point 
(0, - l), the stagnation point S, and the extraction point 
(0, - 1.1) rotated about the z-axis. 
It is possible to estimate from Figure 6 the percentage 
of water that is withdrawn along with the acid at the 
extraction point (0, - 1.1). Suppose that, as z + -a, the 
dividing stream surface that starts at the extraction point 
develops some radius R,, and let W denote the fraction of 
the withdrawn fluid that is pure water. Since the outflow 
speed at infinity is l/F, by Darcy’s law (21, then conser- 
vation of mass for the fluid below the dividing streamsur- 
face yields 
nR;/F = a - Wy (27) 
Similarly, for the fluid above the dividing stream surface, 
there is a dimensionless inflow rate 1 and a withdrawal 
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rate (1 - W>y for the acid, which at infinity flows with 
speed l/F through an annular region with inner radius R, 
and outer radius R,. Consequently 
n(R; - R$)/F = 1 - (1 - W)y (28) 
Dividing equation (28) by (27) and solving for the fraction 
W gives the formula 
w= 
ad-l+y 
~(1 + A) 
(29) 
in which we have defined 
A = (R; - Rf,,)/R$ 
For the flow shown in Figure 6, equation (29) reveals that 
the water fraction W of the extracted fluid is approxi- 
mately 35%. 
6. Toward a practical leaching strategy 
In this paper, we have investigated the flow field associ- 
ated with the process of mineral leaching when the plume 
of leaching liquor is supported by a water balloon injected 
below it. It was assumed that the densities of the leaching 
acid and the injected water were equal. This was done to 
take advantage of the enormous simplification that such an 
assumption affords. In reality, however, a small density 
difference is to be expected between the two fluids, and to 
take account of this in our numerical scheme requires a 
modified formulation of the problem in which both the 
interface between the wet and dry portions of the rock and 
the dividing stream surface between the water and the acid 
are to be found by the solution technique. This is a task of 
some numerical complexity, since Figure 6 shows that the 
internal dividing stream surface actually includes the (sin- 
gular) extraction point, at which it forms a conical peak of 
unknown internal angle. There is also an interesting ques- 
tion of the stability of the internal stream surface, when the 
densities of the two fluids differ. Since the upper fluid 
contains dissolved mineral, it is expected to have a higher 
density than the injected water and it is likely that the 
dividing stream surface will thus be unstable, forming 
fingers that penetrate into the lower region of injected 
water. 
It has been shown here that the injection of a water 
balloon may enhance very significantly the amount of acid 
that can be recovered at the extraction point. Nevertheless, 
when the injection and extraction is performed through 
points only on a vertical line (the z-axis), there is always 
some acid that cannot be recovered. This leaching liquor 
percolates away to a great depth within the rock, where it 
is lost to the process and possibly poses a serious environ- 
mental risk. 
It is clearly desirable to eliminate entirely the wastage 
of leaching liquor in this process, and perhaps the major 
aim of this study is to suggest a strategy by which this may 
be possible. Figure 6 shows that there is an approximately 
spherical core region in the flow, from which all the 
injected acid is recovered, along with some water. How- 
Figure 7. A sketch of a possible leaching strategy, involving a 
spatially periodic array of leaching sites. 
ever, some of the leaching acid always flows around the 
outside of this core region and so escapes away to infinity. 
This might be prevented if another line of injection and 
extraction holes were placed sufficiently close to that 
shown in Figure 6 so that the central core regions in each 
flow actually touched. 
This therefore suggests a leaching strategy similar to 
that sketched in Figure 7. A rectangular grid of holes 
might be drilled into the rock, and into each one a concen- 
tric cluster of three pipes would be introduced. This would 
enable acid to be injected, fluid to be extracted, and a 
water balloon to be injected in each hole, as shown. The 
vertical holes would have to be sufficiently close together 
to prevent the leakage of acid between them, although this 
could be controlled by varying the injection rate for water. 
At the edge of the leaching field, acid loss would have to 
be prevented by some different mechanism, perhaps sim- 
ply by injecting pure water at all the points around the 
boundary of the region to be leached. When all the mineral 
had been extracted at one depth, the entire arrangement 
could be raised or lowered, so that leaching could continue 
at a different depth. In this way the systematic leaching of 
an entire low-grade ore site may be possible. This scenario 
suggests that it should be worthwhile to investigate the 
flow produced by a spatially periodic array of these leach- 
ing holes, as in Figure 7, and this is presently under 
consideration. 
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